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The problem of numerical modeling of tides and currents in the global oceans over 
an elastic Earth with realistic continental boundaries and bathymetries that are driven 
by the tidal generating forces of the Moon and the Sun has ever challenged numerical 
modelers. 
All the numerical models for the global ocean tides have been restricted to the finite 
difference method and to solving the Laplace's Tide Equations in the frequency domain. 
Schwiderski, however, was able to improve Zahel's tidal model by tide-gauge obser-
vational constraints, and to yield one of the best global tidal models available today. 
We have taken an entirely different approach toward the objective of solving the 
problem of the global ocean tides and currents. We solve solely the vertically integrated 
hydrodynamic (or so called shallow-water) equations in the time domain without 
resorting to any tide-gauge observation al constraints. We use the semi-implicit finite 
element method that (1) provides the flexibility in variable element size and shape to 
adequately discretize highly irregular continental boundaries, particularly around 
reentrant corners and rapidly varying bathymetries in trenches and continental margins, 
and (2) achieves numerical stability and convergence for large time steps in the time 
integration. Moreover, for tidal generating forces, we make use of the precise ephe-
merides of the Moon and the Sun, instead of using the harmonie development of tidal 
species. 
Finite element results of the global ocean tides so obtained are compared favorably 
with the SEASAT altimeter data, as a first test, in the Pacific Ocean, and are com-
parable to the relative precision of Schwiderski's tidal model. They are better than 
Schwiderski's tidal model in the region where tide-gauge observations are lacking, for 
instance, in the northeastern Pacific Ocean and Gulf of Alaska. 
Introduction 
Since Dietrich published his celebrated cotidal charts of the worId oceans for the 
major diurnal and semi-diurnal tidal constituents in 1944 (Dietrich, 1944), considerable 
efforts have been directed toward a better understanding of open ocean tides, princi-
pally through numerical integration of Laplace's Tide Equations (Tiron et al,1967; 
Pekeris and Accad, 1969; Zahel,1970; Hendershott and Munk, 1970; Parke and Hen-
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dershott,1980; and others). Reeently, Sehwiderski (1980a, 1980b, 1980e, ete.) ineor-
porated a global distribution of tide-gauge results into the numerieal solutions of 
oeeans, i. e. he eonstrained the Zahel-model by tide-gauge observations prineipally 
through varying eddy viseosity. 
The assumptions in the formulation of the Laplaee's Tide Equations (LTE) have 
been: 
1. a spherieal, rigid, and rotating Earth, i. e., negleeting the kinematie elliptieity rn and 
the figure elliptieity e, where e '* rn - 3 x 10.3 for the aetual Earth. 
2. a uniform gravitation al field, i. e., negleeting the variation of gravitation al aeeeiera-
tions ög from the pole to the equator, where ög~ 5 x 10.3• 
3. aperfeet, homogeneous, shallow oeean uniformly eovering the rigid Earth, i. e., the 
parameters y= gh/c 2 , S =hN2/g, and D =h/a are all equal to zero, where h = the aver-
age depth of the oeean, c = the sound veloeity of water, N = Väisäla frequeney, and 
a =the the mean radius ofthe Earth, i.e., neglecting y~2.3 x 10"2, s-1.8 X 10.3, and 
D-7x 10-4 for the aetual Earth. 
4. a sm all disturbanee relative to astate of uniform rotation, i. e., permitting the lineari-
zation of the equations of the motion and negleeting the Coriolis aceeleration asso-
ciated with the horizontal eomponent of the rotation of the Earth and the vertieal 
component of the particle acceleration. 
One of the eontroversies early on has been the negleet of the vertieal component of the 
particle aeceleration in the formulation. Bjerknes et al (1933) questioned the validity 
of the negleet of the vertieal component of the partide aeeeieration so that a dass offree 
inertial oseillation of the homogeneous fluid is exc1uded. In defense of the validity of 
LTE for the barotropic motion, Proudman (1942) argued that these free oscillations as 
major tidal constituents of astronomically forced tide are effeetively eliminated except 
the generations of the K2 eonstituent ne ar the poles and of the long-period eonstituents 
at the equator. Miles (1974) reexamined the early eontroversy more rigorously and 
conc1uded that LTE provide a uniformly valid approximation to the barotropie tidal 
modes for a homogeneous oeean uniformly eovering the Earth with relative errors of 
principally y and D of the order as given above for the aetual oeeans of the Earth. 
Coneerning the assumption that the Earth is rigid, progress has been made during 
the last two decades by taking into aeeount the effeets of the deformation of the Earth 
as a result of the astronomieal tidal-generating forees on the oeean tide and the inter-
aetion of earth and ocean tides. Previous numerieal modelers have already made the 
neeessary eorreetions for these influenees in their LTE modeling for the actual oceans 
(e.g., Pekeris, 1978; Schwiderski, 1980a, b). 
However, all the numerical modelers of ocean tides in the past were gene rally 
restrieted 10 a single frequeney. The reason of traditionally treating the experimental 
results by harmonie analysis lies in the possibility of reducing the systematic influenees 
of meteorological and other disturbanees. These perturbations may weil question the 
validity of a comparison of the theoretieal total-tide with the experimental total-tide 
result without resorting to harmonie analysis. 
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For many applications, particularly to time-dependent geodesy, satellite orbital 
perturbations, etc., it is the integrated earth-ocean system, including the tidal and load 
deformation of the Earth as weil as the interaction of the earth and ocean tides that is 
of interest. By summing up a great number of harmonic terms, it is, in principle, 
possible to re cover the integrated time-varying ocean tides. The most important advan-
tage of treating the ocean tides in the time domain is that disturbances, of whether 
periodic, of tidal origin, or non-periodic, of meteorological origin such as wind stresses, 
storm surges, and other origin can be easily incorporated into ca1culations. 
Another important fact is that in the formulation of LTE, the neglect of the non-
linear advective term, i. e. the convective rate of change of 1) from its changing position 
in space as applied to numerical modeling ofthe tides and currents in the actual oceans, 
where 1) is the particle velocity of water, has never been challenged. With a gradual 
change of the shape of continental boundaries and of the depth of water in the oceans, 
the convective rate of change of 1) can be expected to be small in comparison with the 
local rate of change of 1) at a fixed point. Nevertheless, when the shape of continental 
boundaries, particularly around the reentrant corners, for example, in the regions of 
Caribbean Sea and Gulf of Mexico/Cuba and Yucatan, New Zealand and Auckland 
Island Plateau in the southwestern Pacific Ocean, Iceland and Spitsbergen of the North 
Atlantic Ocean, Madagascar in the Indian Ocean, and many other reentrant corners, 
and the depth of water, particularly across trenches and continental margins, the con-
vective rate of change of 1) from its changing position in space may reach nearly a com-
parable order or only one order of magnitude less than the local rate of change of 1) at 
a fixed point. That means in realistic modeling of the tides and currents in the actual 
oceans, therefore, we must consider the convective rate of change of 1). 
During the last decade or so, our major efforts at Columbia University on modeling 
ocean tides have been directed toward solving the time-domain total tides and currents 
not only for the global oceans but also for the coastal region, the continental shelf, the 
continental slope and the deep ocean as a complete system (Kuo et al, 1986a, b). In this 
paper, we shall present only the results of finite-element modeling of the global ocean 
tides and currents for the concurrent period of SEASAT in orbit, differing from the 
previous finite-difference models of the global ocean tides as folIows: 
1. As the fundamental governing equations for solving the tides and currents of the 
global oceans, we chose the vertically integrated hydrodynamic equations, or the 
shallow water equations, instead of the Laplace's Tide Equations used by other 
modelers in the past. That means the non linear advective term, or the convective 
rate of change of 1) from its changing position in space, is included. 
2. We model the tides and currents of the global oceans on an elastic Earth in the time 
domain to obtain the total tides and currents, as astronomically forced by the Moon 
and the Sun so that the variation of tide and current is a function of time and space, 
instead of in the frequency domain or a single frequency, as done by other modelers 
in the past. 
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3. We use the finite element method instead of the finite difference method as used in 
the past by other modelers that permits us to use variable element grid sizes. In the 
present case, the ratio of the smallest to the largest element grid-size is 1:5,000, 
enabling us to better model the rapid change of water depth across trenches and con-
tinental margins, and high irregularity of continental boundaries. 
4. We use the semi-implicit time integration method. This allows to take advantage of 
large time steps far a stable and fast numerical convergence. 
5. Our finite-element modeling results of the tides and currents of the global oceans 
strictiy represent the response of the oceans to the tidal generating forces of the 
Moon and the Sun and are not constrained by tidal gauge observations anywhere in 
the calculation. 
Finally, we present here a comparison of our finite-element results of the total tides of 
the global oceans with the data of SEASAT to illustrate the reliability of our finite-
element method far modeling the tides and currents in the global oceans. 
Basic Finite-Element Formulation 
The time-domain vertically integrated hydrodynamic equations or so called shallow-
water equations and the equation of continuity in the spherical co ordinate system are 
explicitiy given by (Kuo, 1987) 
where 
aUe/at + ue/a(aue/afJ) + u,/(a cos fJ) (aUe/aA) - 2Q sinfJ u, 
+ g/a(a~/afJ) + kblul/Hue - Je - We = 0 
au,/at + ue/a(au;,./afJ) + u,/(a cos fJ) (aU;JaA) - 2Q sinfJ Ue 
+ g/(a cos fJ) (a~/aA) + kblul/Hu, - Je - We = 0 
a~/at + 1/(a cos fJ) a[(~ +h)ue cos fJ]/afJ 
+ 1/(acos fJ) a[(~+h)ud/aA = 0 
(fJ, A): fJ latitude and A longitude, positive in the west direction; 
(ue,uÜ: vertically averaged horizontal velocity; 
a: the mean radius oft he Earth; 
Q: angular velocity of the Earth's rotation; 
g: acceleration of gravity, 9.81 m/s2; 
kb : bottom friction coefficient, generally taken to be equal to 0.003; 
(Je'!,): horizontal components of tide-generating force; 
(We, WÜ: horizontal components of wind stress. 
(1) 
~: tidal height measured from mean sea level with the axis taken positive 
upward; 
H = h + ~ is the water-column thickness, where h is the depth to the ocean 
bottom measured from mean sea level. 
~or the finit~-element calculation, the north and the west horizontal components oft he 
tlde-generatmg force due to the Moon and the Sun are calculated according to 
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le = [3f.lMr2/(2d4) (5 eos2 2 m-I) + 3f.lMr/d3 eos 2 m] (-sin 2 md2m/de) 
+ 3f.lSrlD3eos2s(-sin2sd2s/de) 
IA = (l/eos e) [3f.lMr/d3 eos 2 m + 3f.lMr2/(2d4)(5 eos2 2 m-I)] 
(-sin 2 md2m/dA) + (l/eos e) [3f.lSrID 3 eos 2 s] (-sin 2 sd2s/dA) 
(2) 
where 
with 
and 
-sin (2m ) d2m/de = I1 (e,l,l,X) 
-sin (2s) d2,1de = I1 (e, w,lJ,xd 
-sin (2m) d2m/dA = fz (e,l,I,X) 
-sin (2s) d2,1dA = fz (e, W,lI,Xl) 
I1 (e,l,I,X) = eos e sin I sin I 
-sin e [eos2 (//2) eos (I-X) + sin2 (//2) eos (l+X)] 
fz (e,l,I,X) = eos e [sin2 (/12) sin (l+X) 
-eos2 (/12) sin (I-X)] 
d: distanee between the centers of the Earth and the Moon; 
D: distanee between the centers of the Earth and the Sun; 
r: distanee between the center ofthe Earth and the observation point; 
2 m : zenith angle ofthe Moon; 
2 s : zenith angle ofthe Sun; 
M: mass of the Moon; 
S: mass of the Sun; 
f.l: gravitation al eonstant; 
I: inelination of the Moon's orbit to the equator; 
w: inclination of the Earth's equator to the ecliptie; 
I: longitude of the Moon in its orbit reekoned from its aseending interseetion 
with the equator; 
/1: longitude of the Sun in the ecliptie reekoned from the vernal equinox; 
x: right aseension of the meridian of the observation-point reekoned from the 
aseending interseetion ofthe Moon's orbit with the equator; 
XI: right aseension of the meridian of the observation point reekoned from the 
vernal equinox. 
The dependent variables (Ue,UA'~) and the depth h are approximated by a linear eom-
bination of loealized basis as folIows: 
Ue(e,A,t) = Nk (e,;..) qe.dt) 
UA (e, A,t) = Nk (e,;..) qu (t) 
~(e,A,t) = Nk (e,Agk (t) 
h(e,A) = Nk(e,A)hk 
le(e,A,t) = Nk (e,A)!e.k (t) 
/A(e,A,t) = Nk (e,A)!U (t) 
We(e,A,t) = Nde,A) we.dt) 
WA(e,A,t) = Nk(e,A) wu(t) 
(3) 
where Nk is the element's shape funetion of the k-th node. Substituting the above nodal 
funetions (3) into the differential equations (1) we have 
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ajk [(q~ ~k-q~ ~k)/(2M)] - Wjk [(q{~k+qU)/2] +Ye,jk [(;L+ 1 +;L-')/2] 
= -ßjk(q~,i' qL) q~,k-kb Ejd1/Jl-1) q~~l+ajd~,k+ajkw~,k 
ajk [(ql~1-qCD/(2M)] + Wjk [(q~ ~l+q~ J)/2] +Y)',jk [W:' +;L-')/2] (4) 
= -ßjdq~,i, ql,;) qi,k- kb Ejk (1/J:-l) qU+ajdi,k+ajk Wi,k 
ajk [W+ 1-;L- 1)/(2M)+De,jk (h;) [(q~ ~l+q~ ~k)/2] + 
+ D)',jk (h;) [(qtl+qCk)/2] = -De,jd~D q~,k-D)"jk (~D qi,k 
where the superscript t is for the n-th time step, and 
ajk= L II NjNkcosededÄ 
e 
Wjk = L I I 2Q NjNk sin e cos e dedÄ 
e 
Ye,jk= L ff g/a (3Nk/3e)NjcosededÄ 
e 
Y),,jk= L ff g/a (oNk/3Ä)Nj dedÄ 
e 
ßjk= L ff [Ni qe,i (oNk/3e) cos e+Njq)"i(oNk /3Ä)] Nj/a dedÄ 
e 
Ejk (1/Ji) = L ff NjNkNi[(q~,i+qUI/2/(hi+;i)] cos e dedÄ 
e 
De,jk (hi) = L ff l/a [3 (Nk Njh; cos e)/3e] Nj dedÄ 
e 
D)',jdhi) = L ff 1Ia [0 (NkNihi)/3Ä] NjdedÄ, 
e 
(5) 
In equations (5), summation is taken over all elements in the domain of consideration. 
Because the basis functions have only local support, the values of the integrals in (5) 
are nonzero only for the elements containing the indicated nodes with the result that the 
matrices are sparse and banded. 
Rearranging (4) and denoting the transpose of the vector 
(qehq),h ~hqe2, qu, ~2,"" qen,qAn,~n) 
by Q, where n is the total number ofnodesin thecomputingdomain, we can express (4) 
in matrix form as folIows: 
L*Q'+' =M*QH - P*QI_S*QH (6) 
where the matrices L~ M~ P; S* are large (3n X 3n), sparse, banded matrices. 
For ease in treating the irregular boundaries that arise from consideration of realistic 
geometries and for implementing rigid-wall boundary conditions, it is convenient to 
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make a coordinate transformation before the final global assembly of (6). Applying the 
transformation to (6), we get 
LQI+I=MQI-I_PQI_SQH (7) 
where L =RTL* R; M =RTM* R; P=RTp* R; S=RTS* Rand where Rand R T are the 
diagonal matrices, containing the rotational and the transposed submatrices. 
The basis functions (Na used in this model are the linear members of the isopara-
metric serendipity family defined at the four corners of a square element of side length 
2 in a g-1] coordinate system to be (Zienkiewicz, 1977); 
Ni =1I4 (l+ggi ) (1+1]1]i) for (;i,1]i)=(±I, ±1). 
The integrals of products of basis functions and their derivatives are obtained by map-
ping the element coordinates from the global e-A system into the ;-1] coordinate system 
and then performing the integration numerically using Gauss-Legendre quadrature. 
The mapping is unique for linear elements, provided no internal angles are greater than 
1800 (Zienkiewicz, 1977). 
As the latitude for the ocean region approach es that 01 (hc pobr rcglon. d' in the 
case of the Arctic Ocean, the spherical coordinates have a singular point at the north 
pole, where the longitudes converge to one point. To overcome this singularity pro-
blem, we choose a local rectangular co ordinate system in the finite-element formulation 
to carry out the calculation needed for each element. The finite-element formulation 
in the localx- andy-coordinate system can be found in Malone and Kuo (1981), in wh ich 
a unified local coordinate system is used for all elements, because the area under con-
sideration is smalI, on the order of several degrees in both latitude and longitude (Kuo 
et al, 1986b). 
Finite-Element Results ofTides and Currents 
As pointed out and shown by Kuo et al (1986b) and Kuo (1987), the spatial discreti-
zation of the information contained in the bathymetric data base of the world oceans 
is undoubtedly of great importance in achieving the accuracy of the later finite-element 
calculation. For this very reason, the 10 x 10 bathymetric data of the world oceans were 
recontoured. The recontoured map was then used to discretize the world oceans with 
variable quadrilateral-element sizes. The rigid-boundary conditions of all the oceans 
were imposed at a depth of 1000 m, except off New Zealand, where a depth of 500 m 
was used, and off Spitsbergen where the depth was less than 500 m. Because of con-
venience in the polar regions, the Miller projection, given by 
e =5/2 (tan- I [exp (4Y/5)]-n/4), 
where Y is the latitude of the projection, was adopted. 
The total number of nodal points for the world oceans is 9274, including 1467 for 
the Atlantic, 1867 for the Indian, 4443 for the Pacific, and 1497 for the Arctic Oceans. 
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Figure 1 shows the finite-element spatial discretization of the world oceans with the 
variable grid shaded to indicate depth. With three degrees of freedom for each nodal 
point, there are thus 27,822 equations to be solved in matrix form. 
The interaction of the earth tide and the ocean tide is approximately corrected for 
in a fashion similar to that described by Pekeris (1978) and Schwiderski (1980a, 1980b). 
Every precaution was taken concerning the problems one is confronted with when 
modeling tides and currents, namely 
1. time integration of the initial weak coupling of the equations of motion and the 
continuityequation, 
2. numerically adequate resolution around reentrant corners in various parts of thc 
oceans and 
3. a cold-start initial condition. 
It was found that the time integration can be relaxed to either 30 minutes or one hour 
per step; a 30-minute time step was adopted in order to insure the accuracy of the cal-
culation. The tidal gene rating forces of the Moon and the Sun were calculated according 
to equation (2), i. e., up to the third order of Legendre polynomial for the Moon and 
to the second orderfor the Sun. 
Figures 2 through 13 show the tidal generating forces, the total tide-induced cur-
rents, and the total tidal heights as a function of space and time every three hours, 
beginning 00:00:00 GMT, 22 September 1978, during which time SEASATwas in orbit. 
The finite-element results of the total tides and the total currents for the global oceans 
reveal the intricacy and complexity of the general circulation of the oceans due to the 
tidal generating forces, particularly along the irregular ocean boundaries, islands, 
narrow straits, and gulfs. The distinctive patterns of tidal currents and tidal heights for 
the world oceans interconnected, as shown in Figures 2 through 13, result from the inter-
flow of the tide-induced currents which, in turn, modify the tidal heights throughout the 
world oceans. Moreover, the interflow of the tide-induced currents between the Pacific 
and Indian Oceans, and between the Atlantic and Arctic Oceans, has a profound 
influence on the general tidal circulation as a function of time and space. 
Comparison of the Tide Model Results with SEASAT Data 
The SEASAT-l altimeter data were provided to us by Choy and Grunes (1986), who 
compared the Schwiderski's tidal model and our finite-element regional tidal model of 
the Pacific Ocean with the SEASAT data. These data of SEASAT-l had been pre-
processed by the Naval Surface Weapons Center (NSWC) into the NSWC Geophysical 
Data Record Format (West, 1981). Uncertainties ofthe SEASAT satellite orbital deter-
mination and the available geoid model in the Gulf of Alaska region were greater than 
the tidal signals to make a comparison of tidal models with SEASAT data from a single 
pass over the ocean unprofitable. However, since the geoid is virtually time invarient 
in the time span of the orbit in question , a temporal change of sea surface height along 
the track thus has been obtained by differencing the altimeter height data of two passes 
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Fig. 1: Finite-element discretization of the world oceans with bathymetric depths shaded as indicated in the key. 
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and passes 1235 and 1278 (b). (After Choy and Grunes, 1986). 
over an identical ground track by Choy and Grunes (1986). Moreover, in order to mini-
mize the long wavelength orbital error, Choy and Grunes chose a long segment of a 
pass (ab out one third of a revolution), and subtracted a second order polynomialleast-
squares fit with respect to time from the altimeter height difference data. 
Figure 14 shows the observational configuration of satellite altimeter over the ocean. 
Figures ISa and ISb show the SEASATorbital trajectory for the sub-satellite tracks of 
passes 1220 and 1263, and passes 1235 and 1278, respectively. 
Figures 16a and 16b are the comparisons of the sea surface height differences among 
the SEASAT-l altimeter data after the above mentioned re-processing by Choy and 
Grunes, the Schwiderski's tidal model (Schwiderski, 1980c; Schwiderski and Szeto, 
1981), and our finite-element global tidal model for passes 1220 and 1263, and passes 
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1235 and 1278, respeetively. The Sehwiderski's model eontains nine harmonie partial 
tides of semi-diurnal (M2,S2,N2, K2), diurnal (Kl, 01,Pl, Ql) and long-period (mf) 
speeies. Our finite-element global tidal model represents the total tide astronomieally 
driven by the tidal generating forees of the Moon to the seeond and third order of the 
Legendre polynomial, and of the Sun to the seeond order of the Legendre polynomial. 
Both the tidal models take into aeeount the influenee of the tidal and load deformations 
of an elastie Earth, aeeording to Pekeris (1978). 
For passes 1220 and 1263, 
(a) our finite-element tidal model (FETM) fits the SEASAT data (SSD) better than 
the Sehwiderski's tidal model (STM) over the northeastern Paeifie Oeean and Gulf 
of Alaska, where there are no tide-gauge observations available, 
(b) there is a phase differenee between FETM and STM, and a phase differenee 
between the two tidal models and SSD in the region of 180°-220° E. Long., and 
(e) both the tidal models do not fit SSD weil in the region of 160°-190° E. Long. with a 
differenee of about 0.6 m. 
For passes 1235 and 1278, 
(a) exeept it suffers a maximum differenee of about 0.8 m in eomparison with SSD in 
the northeastern Paeifie Oeean and Gulf of Alaska, STM fits SSD nearly perfeetly 
between 150°-195° E. Long., and 
(b) exeept there is a maximum differenee of ab out 0.45 m between FETM and SSD in 
the region of 190°-210° E. Long., FETM fits SSD virtually perfeetly (Kuo and 
Chu, in preparation). 
Conclusions 
The sueeess of Sehwiderski's tidal model is based on his use of tide-gauge obser-
vations to constrain Zahel's tidal model, whieh was based on solving the Laplaee's Tide 
Equations by rneans of the finite differenee method. 
It is now evident that the problem of the tides and eurrents of the global oeeans ean 
be profitably modeled by solving the vertieally integrated hydrodynamie (or shallow-
water) equations by means of the semi-implieit finite-element method, without resort-
ing to any tide-gauge observational eonstraints, as we have done. We have used the 
SEASAT altimeter data to eompare Sehwiderski's tidal model results with our finite-
element tidal model results. As a test, we chose the Paeifie Oeean, where the tide-gauge 
observations are laeking particularly in the regions of the northeastern Paeifie Oeean 
and Gulf of Alaska. We found that 
1. Sehwiderski's tidal model deteriorates in the region, where tide-gauge observations 
are lacking, and 
2. our finite-element tidal model preserves its integrity and achieves a uniform preei-
sion and reliability throughout the oeean. 
One of the prineipal advantages of our finite-element tidal model lies in the fact that it 
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does not rely on any tide-gauge observational constraints, and fundamentally solves the 
equations of motion for the said problem. 
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